and it is found that at constant pulse width as the period is increased, the allowable pumping power is increased too. Furthermore, the effect of changing pulse width with a constant period is studied, and it is found that as the pulse width is increased, the allowable pumping power is decreased. The effect of duty cycle is studied also and it is found that as duty cycle is increased the allowable pumping power is decreased. This work permits proper selection of pulse width, period and duty cycle to avoid laser rod fracture while obtaining maximum output laser power in the designing of laser system.
Introduction
The main factor that limits the power scaling of diode-end-pumped solid-state lasers is the heat induced inside gain medium. The generated heat inside the laser gain medium causes steep temperature gradients inside the crystal which produce stress that may lead to fracture [1] . Fracture occurs when the thermally induced stress exceeds the ultimate strength of the material. The temperature gradient in the gain medium causes laser beam distortion due to thermal lensing, depolarization loss due to stress induced birefringence and ultimately fracture of the laser rod [2] . Stresses inside the laser rod are induced due to the hotter inner region of the rod that is restricted from expansion by the cooler outer region [3] . Moreover when the induced stresses in the laser rod exceed the tensile strength of the material, the rod will fracture and cause the pump and laser beams to be heavily distorted. The severe distortion losses might even cause the laser to no longer operate. Crystal fracture is one of the primary limiting factors in the power scaling of diode-end-pumped solid-state lasers which makes it an important effect that has to be considered in the design process [1] . One of the most popular method of scaling output laser power is by using pulsed mode where high out energy can be obtained in short time.
Many works devoted to determine temperature distribution and induced stress in laser rod. Robinson [4] determined the thermal transient effects in laser rods, such as the temperature distribution and the effect of rod distortion on a collimated light beam passing through the rod. Huang et al. [5] solved 3-D heat conduction models under the cylindrical co-ordinate using the base of pumped structure of face-pumped disk laser. The transient solution of temperature field distribution and thermal stress distribution was got through integral transform method. Bernhardi et al. [6] presented a 1-D time-dependent analytical thermal model of the temperature and the corresponding induced thermal stresses on the pump face of quasi-continuous wave (CW) diode-end-pumped Tm:YLF laser rods also a numerical solution for this problem was used. Liu et al. [7] solved analytically the transient heat conduction and thermal effects in pulse end-pumped fiber laser. For the arbitrary temporal shape of pump pulse, a 3-D temperature expression was derived via an integral transform method, and the thermal stress field was deduced through solving the Navier displacement equations. Shibib et al. [8, 9] derived the transient analytical solutions of temperature distribution, stress, strain, and optical path difference in convectional cooled (CW) end-pumped laser rod. The results were compared with other works and good agreements were found.
In this work, an axis-symmetry equation for temperature distribution and Tresca failure stress through pulsed end-pumped laser rod is derived using integral transform method where the fracture limits in pulsed solid-state laser rod is obtained also the effects of duty cycle on temperature distribution and fracture limit are studied. The result obtained using the derived equation is compared with other published work and good agreement is obtained.
Theory
The solution of heat equation in laser rod permits the prediction of the temperature distribution so as to determine the thermal effects in the laser rod. The transient temperature distribution through the laser rod can be determined by solving the axis-symmetry heat equation.
The derivation of axis-symmetry heat equation is obtained from [10, 11] . A major objective in a conduction analysis is to determine the temperature field in a medium that resulting from conditions imposed inside and on rod boundaries. Assume symmetrical boundary conditions about circumferential direction and constant thermal properties of laser crystal then heat equation can be written:
Refer to fig. 1 which shows the laser rod and cooling arrangements together with pumping location, the boundary conditions can be written:
Convection boundary conditions are assumed at the facets of the rod, fig. 1 . The initial and environmental temperatures, T ∞ , are assumed to be 25 °C. The laser rod is mounted in Cu heat sink. Heat conductivity is provided by an indium layer between the Cu and the crystal. An adjustable water flow rate can be implemented to give the required edge heat transfer coefficient. The part of absorbed power that converts to heat act as heat generation inside a laser crystal. For pumping power that has a top hat beam distribution, heat generation inside laser rod can be written [3, 12] 
With the previous equation that modeled the heat generation inside the laser rod, the conduction heat equation for a solid cylinder of radius, r o , and length, ℓ, with boundary conditions described in eqs. (2)- (5) can be solved through integral transform method [13] :
where 
Using convection boundary conditions, then the eigenvalues, β m , of differential equation are the positive roots of the next equation [13] :
Newton-Raphson method is used to obtain the successive values of the roots (i. e. β m where m is varying from 1 to infinity). For convection boundary conditions at the facets of the rod, assuming equal convection heat transfer coefficients at both end of the rod, then eigenfunction Z(η p , z) of differential equation can be obtained [13] :
Here H = h a /k where h a is the convection heat transfer coefficient from rod facets and for naturally cooled rod facets, it is equal to 27.5 W/m 2 K [14] . Then the Norms, N(η p ), of differential equation can be written:
Then eigenvalues, η p , of differential equation are the positive roots of next equation
Again Newton-Raphson method is used to obtain the successive values of the roots, and the main equation of the solution can be written:
where τ is the time of pumping. For top hat beam distribution the function g(τ) can be written:
Assuming pulse mode where pulse laser temporal shape is assumed as square incident laser irradiance, then δ(t) is equal to one when pulse is on and zero if pulse is off. The integration in z co-ordinate can be solved directly:
Also, the integration in r co-ordinate can be solved directly:
Combining the results of integrations of eqs. (17) and (18) into eq. (16) and when pulse is on δ(t) = 1, the function g(τ) can be written:
Finally, one can obtain the transient temperature distribution through pulsed end--pumped laser rod that cooled from its edge and facets by substituting eq. (19) into eq. (15) and carrying time integration then:
This equation represents the transient temperature distribution through pulsed end − pumped laser rod that cooled from its edge and facets. Note that fifteen roots are sufficient to predict the precise value of the temperatures. Transient solution can be also obtained starting from rest. From the previous solution, the temperature history in laser rod can be obtained until either a quasi steady-state or failure stress is reached.
Tresca failure stress equation
As the laser rod heated due to the part of the absorbed power that converts to heat, there will be a temperature steep which will induce thermal stresses. Since the laser rod is symmetric, the thermal stress distribution can be obtained depending on heat flexibility theory, 
Using a plane-strain approximation and assuming that the stress in the axial direction is zero, we may calculate the radial and tangential stresses from the temperature profile and using the Tresca failure formula.
Here is:
Assuming z = 0 then Tresca failure could be written [9, 16] : Incorporating the equation of θ and carrying the integration result in:
Which represent the Tresca failure stress (i. e. stress at which failure occurs).
Results and discussion
A computer program was written to obtain the successive roots for β m , η p using Newton-Raphson method with proper starting initial guess roots, summing the result successively to obtain the temperature distribution and Tresca failure stress at each time step. To validate our analytical solution, a comparison is made between the result of this work and that obtained by Bernhardi et al. [6] using the same parameters mention in tab. 1. Facets cooling is assumed in this work. To match the assumed insulated facets in the work of Bernhardi et al. [6] , the value of the heat transfer coefficient is reduced much lower than that of the naturally cooled facets (i. e. h a  27.5 W/m 2 K). A good nearby results is obtained for temperature and Tresca failure stress as shown in figs. 2 and 3 which verified the analytical solution derived in this work and the written program.
In this work the influence of increasing pulse width at constant period on maximum temperature distribution and Tresca failure stress in laser rod is studied. The result from derived equation of this work shows that at constant period as the pulse width is increased the maximum temperature that could be reached in the rod and the subsequent Tresca failure stress is increased too as shown in figs. 4 and 5.
The increase in the pulse period at constant pulse width permits more heat to flow out of laser rod before the subsequent pulse is induced so temperature will not be elevated as was happening at less period, fig. 6 . This permits more pumping power before the fracture could happen, fig.7 . It shows that at constant pulse width of 15 ms, the pulse period is varied from 20 ms to 400 ms to obtain its effect on the maximum allowable pumping power before fracture could happen. It is observed that as the period is increased with constant pulse width, the allowable pumping power that could cause failure is increased. This is due to increase in the cooling time such that the rod temperature will be reduced which will also reduce the resulting stress as shown in fig. 7 . This situation is limited where the cooling will no longer affect the scaling up in the power required to achieve failure. This situation occurs at period equal or greater than 400 ms where quasi steady-state was reached as shown in figs. 6 and 7.
The results obtained from the derived equation of this work shown in tab. 2. It shows the maximum temperature and allowable pumping power at period of 50, 100, and 400 ms, respectively, for constant pulse width of 10 ms. It is clear that as period is increased the maximum temperature is decreased. This is due to the increase in cooling time before the subsequent pulse is induced so high allowable pumping power is expected, this situation is limited till quasi steady-state is reached.
The pumping power that may cause failure has been tested for different pulse widths and periods. Four pulse widths have been tested where their values are changed from 5 to 20 ms with different periods. The result are shown in fig. 8 which shows the allowable pumping power (that could cause failure) at different periods and pulse widths. It can be seen that as the pulse width is increased for the same period, the allowable pumping power that could cause failure is decreased. This is explainable since the time of inducing heat is increased which increase the temperature, temperature steep, and the subsequent induced thermal stress that could be induced in the rod.
The results obtained in tab. 3 show the influence of increasing pulse width for the same period on temperature distribution in laser rod. It is clear that as the pulse width is increased the maximum temperature is increased too. This is due to increase in the pumping time meanwhile the cooling time at off pumping is decreased which result in increasing in the tem- perature distribution and the maximum temperature that could occur in the rod which would decrease the allowable pumping power. To achieve higher output power from a diode-end-pumped solid-state laser, a quasi-cw pump source is used with its advantage; the average thermal load is reduced through a reduced duty cycle. The quasi-cw pulsing leads to higher peak pump power, resulting in much higher laser output power during the quasi-cw pump pulse [6] . Figure 9 shows the allowable pumping power vs. duty cycle (the percentage of one period in which a signal is active) for different pulse widths obtained from the derived equation of this work from which one can observe that as duty cycle is increased the allowable pumping power is decreased. This is explainable since the cooling time after pumping is switched off is decreased which permits more heat to be stored in the rod resulting in an increase in the maximum temperature, temperature distribution, steep temperature which induce high thermal stress thus decreasing the allowable pumping power. For duty cycle less than 50% an increase in the allowable pumping power is observed as pulse width is decreased. This fact can be explained by knowing that more cooling is achieved since more time is allowed to cool the laser rod which results in less temperature gradient and subsequently less thermal stress.
Conclusions
The axis-symmetry transient analytical solution for temperature, stress, and Tresca failure stress in pulsed pumping laser rod is derived. The fracture limit that could be reached at different pumping power could be obtained using Tresca failure formula.
The results are compared with previously published work and good agreement is found. The effect of increasing period is studied, and it is found that as the period increased while pulse width remains constant the allowable pumping power is increased. The effect of changing pulse width with a constant period is studied, and it is found that as the pulse width is increased the allowable pumping power is decreased. The combined effect of pulse width and period is presented in duty cycle. It is observed that as duty cycle is increased the allowable pumping power is decreased. For duty cycle less than 50% an increase in the allowable pumping power is observed as pulse width is decreased since more time is allowed to cool the laser rod which results in less temperature gradient and subsequently less thermal stress. 
